Abstract. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. We study the existence of Qnonexpansive retractions for families of Q-nonexpansive mappings and prove that a separated and sequentially complete locally convex space E that has the weak fixed point property, has the weak fixed point property for commuting separable semitopological semigroups of Q-nonexpansive mappings. This proves the Bruck's problem [5] for locally convex spaces. Moreover, we prove the existence of Q-nonexpansive retractions for the right amenable Q-nonexpansive semigroups.
Introduction
The first nonlinear ergodic theorem for nonexpansive mappings in a Hilbert space was established by Baillon [3] : Let C be a nonempty closed convex subset of a Hilbert space H and let T be a nonexpansive mapping of C into itself. If the set Fix(T) of fixed points of T is nonempty, then for each x ∈ C, the Cesaro means S n x = 1 n n k=1 T k x converge weakly to some y ∈ Fix(T). In Baillons theorem, putting y = Px for each x ∈ C, P is a E-mail addresses: sori.e@lu.ac.ir, sori.ebrahim@yahoo.com
Tel: +98 9188521850 (E. Soori).
nonexpansive retraction of C onto Fix(T) such that PT n = T n P = P for all positive integers n and Px ∈ co{T n x : n = 1, 2, ...} for each x ∈ C. Takahashi [26] proved the existence of such retractions, ergodic retractions, for noncommutative semigroups of nonexpansive mappings in a Hilbert space:
If S is an amenable semigroup, C is a closed, convex subset of a Hilbert space H and S = {T s : s ∈ S} is a nonexpansive semigroup on C such that Fix(S) ∅, then there exists a nonexpansive retraction P from C onto Fix(S) such that PT t = T t P = P for each t ∈ S and Px ∈ co {T t x : t ∈ S} for each x ∈ C. These results were extended to uniformly convex Banach spaces for commutative semigroups in [8] and for non-commutative amenable semigroups in [12, 11] . For some related results, we refer the readers to the works in [21, 19, 20, 22] . In this paper, we find some ergodic retractions for locally convex spaces.
Bruck proved in [5] a Banach space E has the weak fixed point property for commuting semigroups if it has the weak fixed point property. In this research, we prove this problem for locally convex spaces.
Let f be a function of semigroup S into a reflexive Banach space E such that the weak closure of { f (t) : t ∈ S} is weakly compact and let X be a subspace of B(S) containing all the functions t → f (t), x * with x * ∈ E * . We know from [8] that for any µ ∈ X
preliminaries
The space of all bounded real-valued functions defined on S with supremum norm is denoted by B(S). l t and r t in B(S) are defined as follows: (l t )(s) = (ts) and (r t )(s) = (st), for all s ∈ S, t ∈ S and ∈ B(S).
Suppose that X is a subspace of B(S) containing 1 and let X * be its topological dual space. An element m of X * is said to be a mean on X, provided m = m(1) = 1. For m ∈ X * and ∈ X, m t ( (t)) is often written instead of m( ). Suppose that X is left invariant (respectively, right invariant), i.e., l t (X) ⊂ X (respectively, r t (X) ⊂ X) for each s ∈ S. A mean m on X is called left invariant (respectively, right invariant), provided m(l t ) = m( ) (respectively, m(r t ) = m( )) for each t ∈ S and ∈ X. X is called left (respectively, right) amenable if X possesses a left (respectively, right) invariant mean. X is amenable, provided X is both left and right amenable.
Recall the following definitions:
(1) Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E and C ⊂ E. A mapping T : C → C is said to be Q-nonexpansive provided the following inequality holds:
for all x, y ∈ C and q ∈ Q, (2) Let C be a nonempty closed and convex subset of E. Then, a family S = {T s : s ∈ S} of mappings from C into itself is said to be a representation of S as Q-nonexpansive mapping on C into itself if S satisfies the following properties:
(1) T st x = T s T t x for all s, t ∈ S and x ∈ C;
(2) for every s ∈ S the mapping T s : C → C is Q-nonexpansive.
We denote by Fix(S) the set of common fixed points of S, that is
Let E be a Hausdorff locally convex space. Then E is quasi-complete if every bounded Cauchy net is convergent. Observe that complete ⇒ quasi-complete ⇒ sequentially complete, (4) Let Q be a family of seminorms on a locally convex space E which determines the topology of E and suppose E is Hausdorff and sequentially complete. Consider a sequence {x n } and a series
(5) Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E and C a closed, convex subset of E. We say that E has the weakly fixed point property if, for every nonempty weakly compact convex subset C of E, every Q-nonexpansive mapping of C into itself has a fixed point, (6) Let S be a semigroup and C be a closed, convex subset of a locally convex space E. We call a representation S = {T s : s ∈ S} an Q-nonexpansive representation if
for all x, y ∈ C and t ∈ S.
(7) Let C be a nonempty subset of a topological space X and D a nonempty subset of C. Then a continuous mapping P : C → D is said to be a retraction if Px = x for all x ∈ D, i.e., P 2 = P. In such case, D is said to be a retract of C. (8) Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Then E is separated if and only if Q possesses the following property:
for every x ∈ X \ {0} there is a seminorm q ∈ Q such that q(x) 0.
(9) Suppose that Q is a family of seminorms on a locally convex space X which determines the topology of X and q ∈ Q. From page 3 in [4] , a linear functional f : X → R is continues if there are a constant
(10) let S be a semigroup. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E and let C be a closed, convex subset of a locally convex space E and
s ∈ S and q ∈ Q.
(11) Let X be a vector space over R or C. A subset B ⊆ X is balanced if for all x ∈ B and α in the base field such that |α| ≤ 1, we have
3. Some applications of Hahn Banach theorem in Locally convex spaces Let Y be a subset of a locally convex space X, we put q
We will make use of the following Theorems. 
Proof. If we define p :
On the other hand, if x ∈ Y and x 0 then from our assumption, q(x) 0 and q(
Since q is continuous, p is also a continuous seminorm, therefore by the Hahn-Banach theorem (Theorem 3.9 in [16] ), there exists a linear continuous extension h of f to
Hence, since X is a vector space, we Proof. Let Y := {y ∈ X : q(y) = 0}. We consider two cases:
then Y is a closed. Let y 0 be a point in X \ Y. There exists some r > 0 such that q(y − y 0 ) > r for all y ∈ Y. Suppose that Z = {y + αy 0 : α ∈ R, y ∈ Y}, the vector subspace generated by Y and y 0 . Then we define h : Z → R by h(y + αy 0 ) = α. Obviously, h is linear and we have also
for all y ∈ Y and α ∈ R. Therefore h is a linear functional on Z that 
We have also
Let Z := {αx 0 : α ∈ R} that is the vector subspace generated by x 0 . If we
and also q *
Obviously, f (x 0 ) = q(x 0 ).
Ergodic retractions for families of Q-nonexpansive mappings
Let Q be a family of seminorms on a locally convex space E which determines the topology of E. In this section, we study the existence of Qnonexpansive retractions onto the set of common fixed points of a family of Q-nonexpansive mappings that commute with the mappings. A Qnonexpansive retraction that commutes with the mappings is usually called an ergodic retraction.
First, we prove the following theorem that extends and generalizes Theorem 2.1 in [21] which is the main result of this section and will be essential in the sequel.
Theorem 4.1. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Let C be a locally weakly compact and weakly closed convex subset of E. Suppose that S = {T i : i ∈ I} is a family of Q-nonexpansive mappings on C such that Fix(S) ∅. Consider the following assumption: (a) E is separated and for every nonempty weakly compact convex S-invariant
subset K of C, K ∩ Fix(S) ∅, (b) if x, y ∈ C and q( x+y 2 ) = q(x) = q(y) for all q ∈ Q, then x = y.
Then, for each i ∈ I, there exists a Q-nonexpansive retraction P i from C onto

Fix(S), such that P i T i = T i P i = P i and every weakly closed convex S-invariant
subset of C is also P i -invariant.
Proof. Let C C be the product space with product topology induced by the weak topology on C. Now for a fixed α ∈ I, consider the following set
and every weakly closed convex S-invariant subset of C is also T -invariant}.
From the fact that for each z ∈ Fix(S), the singleton set {z} is a weakly closed convex S-invariant subset of C, then for each T ∈ R, Tz = z. Fix z 0 ∈ Fix(S) and let, for each x ∈ C,
For all x ∈ C and T ∈ R, we have that
x∈C C x is the Cartesian product of sets C x for all x ∈ C. For each q ∈ Q, from the fact that for each real number λ the level set {x ∈ C : q(x) ≤ λ} is closed and convex then from Corollary 1.5 (p. 126) in [7] is weakly closed, hence by Proposition 2.5.2 in [1] each seminorm q ∈ Q is weakly lower semicontinuous. Because C is a weakly closed convex subset of E, C x is convex and weakly closed for each x ∈ C. So, since C is locally weakly compact and C x is τ Q -bounded, we can conclude that C x is weakly compact. By Tychonoff's theorem, we know that when C x is given the weak topology and x∈C C x is given the corresponding product topology, x∈C C x is compact. Next we prove that R is closed in
we have T 0 • T α = T 0 and every weakly closed convex S-invariant subset of C is also T 0 -invariant. Therefore, T 0 ∈ R. Then R is closed in x∈C C x .
Since x∈C C x is compact, hence R is compact. Moreover, R ∅. Indeed, if we define the mapping S n =
on C. Indeed for each q ∈ Q, we have
as n → ∞, for all z ∈ C and from the fact that x∈C C x is compact, there exists a ( weakly pointwise) convergent subnet {S n (λ) } λ . Hence we
. We show that T ∈ R. Because each seminorm q ∈ Q is weakly lower semicontinuous and S n (λ) is Qnonexpansive for each λ then T is Q-nonexpansive. From (2), we also
weakly closed convex S-invariant subset of C is S n -invariant and hence is T -invariant. Then T ∈ R ∅. Now let us to define a preorder in R by T U if q(Tx−Ty) ≤ q(Ux−Uy)
for each x, y ∈ C and q ∈ Q, and by using a method similar to Bruck's method [6] , we find a minimal element T min in R. Indeed, Using Zorn's Lemma, it is enough that we show that each linearly ordered subset of R has a lower bound in R. Hence, let {A λ } be a linearly ordered subset of R. Then the family of sets {T ∈ R : T A λ } is a linearly ordered subset of R by inclusion. Taking into account the closeness proof of R in x∈C C x , these sets also can accordingly be closed in R, and hence compact. Then from the finite intersection property, there exists R ∈ λ {T ∈ R : T A λ } with R A λ for all λ. Then each linearly ordered subset of R has a lower bound in R. We have shown until now that there exist a minimal element P α in the following sense:
if T ∈ R and q(Tx − Ty) ≤ q(P α x − P α y) for each x, y ∈ C and q ∈ Q then q(Tx − Ty) = q(P α x − P α y). ( * )
Next we prove that P α x ∈ Fix(S) for every x ∈ C. For a given x ∈ C, consider K := {T(P α x) : T ∈ R}. From the fact that R is convex and compact, by Proposition 3.3.18 and the Definition 3.3.19 in [17] , we conclude that K is a nonempty weakly compact convex subset of C. Now
First, consider the case (a): from our assumption
Since P α , L ∈ R and the set {y} is S-invariant, so we have P α (y) = L(y) = y, and since P α is minimal, we have q(
for each q ∈ Q and since E is separated, P α x − y = 0, hence P α x = y ∈ Fix(S) and this holds for each x ∈ C. Now, consider the case (b): because P α ∈ R we have T i P α T α = T i P α for all i. Therefore it is easy to verify that T i P α ∈ R, for all i. Since R is convex, using ( * ), we have
for each x ∈ C, z ∈ Fix(S) and i ∈ I. Then from our assumption we have T i P α x = P α x for each x ∈ C and i ∈ I. Hence, P α x ∈ Fix(S), for each x ∈ C.
Since P α ∈ R and {P α x} is S-invariant for each x ∈ C, we conclude that
As a consequence of Theorem 4.1, we prove how we can obtain an ergodic retraction by a Q-nonexpansive retraction.
Theorem 4.2. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Let C be a locally weakly compact and weakly closed convex subset of E. Suppose that S = {T i : i ∈ I} is a family of Q-nonexpansive mappings on C such that Fix(S) ∅. If there is a Q-nonexpansive retraction R from C onto Fix(S), then for each i ∈ I, there exists a Q-nonexpansive retraction P i from C onto Fix(S), such that P i T i = T i P i = P i , and every weakly closed convex S∪{R}-invariant subset of C is also P i -invariant.
Proof. Setting S ′ := S ∪ {R} and
and every weakly closed convex S ′ -invariant subset of C is also T -invariant}, we get that Fix(S ′ ) = Fix(S) and by replacing S with S ′ and R with R ′ in the proof of Theorem 4.1, we find a minimal element P α in the sense of ( * ).
Now we have R•T ∈ R
T ∈ R ′ and because R ∈ S ′ , we have that every weakly closed convex
an R-invariant subset of C for each T ∈ R ′ . Therefore from the fact that
, we have Fix(S) ∅. Now by repeating the reasoning used in Theorem 4.1, we will get the desired result.
As an application of Theorem 4.2, we have the following Theorem:
Theorem 4.3. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Let C be a locally weakly compact and weakly closed convex subset of E. Suppose that S = {T i : i ∈ I} is a family of Q-nonexpansive mappings on C such that Fix(S) ∅. Consider the following assumption: (a) E is separated and for every nonempty weakly compact convex S-invariant subset K of C, K ∩ Fix(S) ∅, (b) if x, y ∈ C and q( x+y
) = q(x) = q(y) for all q ∈ Q, then x = y, (c) there exists a Q-nonexpansive retraction R from C onto Fix(S).
Let {P i } i∈I be the family of retractions obtained in the above Theorem. Then for each x ∈ C,
Proof. Consider an ǫ > 0 and let ∈ {T n i x : i ∈ I, n ∈ N} τ Q ∩ Fix(S). Then for each p ∈ Q, there exists i ∈ I and n ∈ N such that q(T n i x − ) < ǫ.
From our assumptions and using Theorems 4.1 and 4.2, there exists a Q-nonexpansive retraction P i such that P i = P i T i , hence we have,
The weakly fixed point property for commuting semigroups
Let Q be a family of seminorms on a locally convex space E which determines the topology of E. The goal of this section is to show If E has the weakly fixed point property, then E has the weakly fixed point property for commuting separable semitopological semigroups.
We will make use of the following two Theorems in this section.
Theorem 5.1. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Let E be Hausdorff and sequentially complete and C be a nonempty closed convex and bounded subset of E. If {F n } is a descending sequence of nonempty Q-nonexpansive retracts of C, then
∞ n=1 F n is the fixed point set of some Q-nonexpansive mapping r : C → C.
Proof. For each n ∈ N, let r n be a Q-nonexpansive retraction from C onto
be a sequence such that λ n > 0 for each n ∈ N and ∞ n=1 λ n = 1 and (3) lim
From our assumptions and as in Lemma 1 in [5] , we may assume that r = ∞ n=1 λ n r n . Then by lower semicontinuity of each q ∈ Q, we have that r : C → C is a Q-nonexpansive mapping such that ∞ n=1 F n ⊆ Fix(r). Now it suffices to show that Fix(r) ⊆ ∞ n=1 F n . Hence consider x ∈ Fix(r). Then by lower semicontinuity of each q ∈ Q, we have
for each q ∈ Q. Because for 1 ≤ j < n, r n (x) ∈ F n ⊆ F j , then we have r j r n (x) = r n (x). Therefore we have q(r j (x) − r n (x)) = q(r j (x) − r j r n (x)) ≤ q x − r n (x) ; now for j = n, q(r j (x) − r n (x)) = 0; finally let
Then by (3), r n (x) → x, in τ Q when n → ∞. But from the fact that {F n } is descending, therefore r n (x) ∈ F m for each n ≥ m, and since F m is the fixed point set of continuous mapping r m , F m is closed in topology τ Q . Now since lim r n (x) = x, we have x ∈ F m for m = 1, 2, 3, · · · , therefore
Theorem 5.2. Suppose that Q is a family of seminorms on a locally convex space E which determines the topology of E. Let E be separated and sequentially complete. If E has the weakly fixed point property, then E has the weakly fixed point property for commuting sequences of Q-nonexpansive mappings on C.
Proof. Since E is separated, E is Hausdorff with respect to the weak topology. Let C be a nonempty weakly compact convex subset of E. Since C is weakly compact, then C is weakly closed and by Proposition 2.7 in [16] , is weakly bounded hence by Corollary 3.31 in [16] is bounded. Suppose that {T n } be a commuting sequence of Q-nonexpansive mappings on C.
First, we show n j=1 Fix(T j ) is a nonempty Q-nonexpansive retract of C, for all n ∈ N. The proof is by induction on n. For n = 1, from Theorem 4.1 and the fact that E has the weakly fixed point property, Fix (T 1 ) is a nonempty Q-nonexpansive retract of C. Now let n j=1 Fix(T j ) be a nonempty Q-nonexpansive retract of C and R : C → n j=1 Fix(T j ) be a Qnonexpansive retraction. Now we show that Fix(
Since from our assumptions T n+1 commutes with T 1 , . . . , T n and R(x) ∈ n j=1 Fix(T j ), we conclude that
j=1 Fix(T j ). But, from Theorem 4.1 and the fact that E has the weakly fixed point property, the fixed point set of a Q-nonexpansive self mapping of C is a nonempty Q-nonexpansive retract of C. Therefore, Proof. Let C be a nonempty weakly compact convex subset of E. Let S = {T s : s ∈ S} be a continuous representation of a commuting separable semitopological semigroups S. Suppose that {s n } is a countable subset of S which is dense in S. Hence {T s n } is also a commuting sequence.
So from Theorem 5.2 and the weakly fixed point property, {T s n } has a common fixed point z 0 in C. But from the fact that {s n } is a countable dense subset of S and S is a continuous representation of S, we conclude that {T s x : s ∈ S} ⊆ {T s n x } τ Q for each x ∈ C. Putting x = z 0 , we have
Therefore, z 0 is a common fixed point for S and so Fix(S) ∅ and the proof is complete.
Ergodic retractions for semigroups in locally convex spaces
We will need the following two Theorems. 
for all x ∈ D. Let (x α ) be a net in D that converges to x 0 . Then by (5) we
taking limit, since from Theorem 3.7 in [16] , P U is continuous, we have
Now, let 1 ∈ X and µ be a mean on X. Then, there exists a net {µ α } of finite means on X such that {µ α } converges to µ with the weak * topology on X *
. We may consider that
Therefore,
then we have
now since,
{F µ α } converges to F µ in the weak * topology. Hence
we can write F µ by f (t)dµ(t). we conclude that z, x * V ≤ 1 for all z ∈ V. Therefore from Theorem 3.8
Hence from the fact that the function
is an element of X for each t ∈ S and x * ∈ E * , we have
(ii) Let x ∈ Fix(S) and x * ∈ E * . Then we have
(iii) this assertion concludes from Theorem 6.1.
(iv) for this assertion, note that 
Then there exists a Q-nonexpansive retraction P from C onto Fix(S), such that
PT t = T t P = P for every t ∈ S, and every weakly closed convex S-invariant subset of C is also P-invariant.
Proof. Consider the following set: R = {T ∈ C C : T is Q-nonexpansive, T • T t = T, ∀t ∈ S and every weakly closed convex S-invariant subset of C is also T -invariant}.
Replacing this set by R in the proof of Theorem 4.1, we can repeat the argument used in the proof of Theorem 4.1 to get the desired result.
Of Course, from Theorem 6.2, we have T µ ∈ R ∅ and C x be as in the proof of Theorem 4.1, then R ⊆ x∈C C x . As in the proof of Theorem 4.1, x∈C C x is compact when C x is given the weak topology and x∈C C x is given the corresponding product topology, and R is compact in x∈C C x .
Using the preorder in R defined by T U if q(Tx − Ty) ≤ q(Ux − Uy) for each x, y ∈ C and q ∈ Q, there exist a minimal element P in the following sense:
if T ∈ R and q(Tx − Ty) ≤ q(Px − Py) for each x, y ∈ C and q ∈ Q then q(Tx − Ty) = q(Px − Py).
As in the proof of Theorem 4.1, we have Px ∈ Fix(S) for every x ∈ C, P 2 = P and PT t = T t P = P.
